We generalize the de Broglie-Bohm interpretation of quantum mechanics and quantum field theory in such a way that it describes trajectories of relativistic fermionic particles and antiparticles and provides a causal description of the processes of their creation and destruction.
Introduction
The de Broglie-Bohm (dBB) interpretation of quantum mechanics (QM) and quantum field theory (QFT) [1, 2, 3, 4, 5] was invented with the intention to provide a causal interpretation of the conventional QM and QFT. Yet, the current form of the dBB interpretation of relativistic fermions still does not achieve this goal. First, the Dirac spinor is interpreted as a guiding wave only for one kind of corpuscles, making no difference between particle and antiparticle trajectories [6, 7, 5] . Second, QFT is not a part of the current form of the dBB interpretation of fermions. There exists a causal interpretation of fermionic fields in terms of quantum rotators [8, 5] , but this interpretation works only for free fermionic fields. Besides, the causal interpretation of fermionic fields and the interpretation in terms of causal trajectories of corpuscles are viewed as two mutually incompatible interpretations.
Similar problems for bosons have recently been solved in [9] . In that paper, particle trajectories are determined by using the concept of particle current [10] and multiparticle wave functions that result from QFT. A causal interpretation of particle creation and destruction is given in terms of causally evolving fields and new hidden variables -particle effectivities.
In this Letter we generalize the results of [9] to fermionic fields. In Section 2 we give a causal interpretation of the Dirac equation in terms of particle and antiparticle trajectories. In Section 3 we use the conventional interacting fermionic QFT in the Schrödinger picture [11, 12, 13] to construct multiparticle wave functions and the equations for the corresponding particle and antiparticle trajectories. In Section 4, to each fermionic state we attribute a corresponding bosonic state, which enables us to construct a causal interpretation of particle creation and destruction in a way similar to that for ordinary bosonic fields.
Causal interpretation of the Dirac equation
The Dirac equation in the Minkowski metric η µν = diag(1, −1, −1, −1) is
where x = (x 0 , x 1 , x 2 , x 3 ) = (t, x). The general solution of (1) can be written as
where the particle and antiparticle parts can be expanded as
respectively. Here u k (v k ) are positive (negative) frequency 4-spinors that, together, form a complete orthonormal set of solutions to (1) . The label k is an abbreviation for the set (k, s), where k is a 3-vector related to a Fourier expansion and s = ±1/2 is the spin label. By introducing the quantities
,
we can extract ψ (P ) and ψ (A) from ψ using
where t = t ′ . We introduce the particle and antiparticle currents defined as
respectively, whereψ = ψ † γ 0 . Since ψ (P ) and ψ (A) separately satisfy the Dirac equation (1), the currents j = 0. Therefore, we postulate that trajectories of particles and antiparticles are given by
respectively, where j = (j 1 , j 2 , j 3 ).
Particle and antiparticle trajectories in fermionic QFT
In fermionic QFT, the coefficients b k and d * k in (3) become anticommuting operators. The operatorsb † k (d † k ) create particles (antiparticles), whileb k andd k annihilate them. In the Schrödinger picture, the field operatorsψ(x) andψ † (x) satisfy the anticommutation relations
while other anticommutators vanish. (Here a is a spinor index.) These anticommutation relations can be represented byψ
where η a (x) and η * a (x) are anticommuting Grassmann numbers:
Next we introduce a complete orthonormal set of spinors u k (x) and v k (x). It is convenient to choose them to be equal to the spinors u k (x) and v k (x) at t = 0, respectively. An arbitrary quantum state may be obtained by acting with the creation operatorŝ
on the vacuum |0 ≡ |Ψ 0 represented by
Here
, N is a constant chosen such that Ψ 0 |Ψ 0 = 1 and the scalar product is
In (12), D 2 η ≡ DηDη † and Ψ * is dual (not simply the complex conjugate [11, 12] ) to Ψ. The vacuum is chosen such thatb k Ψ 0 =d k Ψ 0 = 0. An arbitrary functional Ψ[η, η † ] can be expanded as
where the set {Ψ K } is a comlete orthonormal set of Grassmann valued functionals. We choose this set such that each Ψ K is proportional to a functional of the formb †
Ψ 0 , which means that each Ψ K has a definite number n P of particles and a definite number n A of antiparticles. Therefore, we can also write (13) as
The tilde onΨ n P ,n A denotes that these functionals, in contrast with Ψ and Ψ K , do not have unit norm. Time-dependent states Ψ[η, η † , t] can be expanded as
The time dependence of the c-number coefficients c K (t) is governed by the functional Schrödinger equation
Since the Hamiltonian H is a hermitian operator, the norms
of the states do not depend on time. In particular, if H is the free Hamiltonian (i.e. the Hamiltonian that generates the second quantized free Dirac equation (1)), then the quantities |c K (t)| do not depend on time. This means that the average number of particles and antiparticles does not change with time when the interactions are absent. Next we introduce the wave function of n P particles and n A antiparticles, denoted as
It has n P + n A spinor indices b 1 , · · · , d n A . For free fields, the (unnormalized) wave function can be calculated using the Heisenberg picture as ψ n P ,n A = 0|ψ
whereψ (P ) andψ (A) are extracted fromψ with the aid of (5). In the general, interacting case, the wave function can be calculated using the Schrödinger picture as
Here the phase ϕ 0 (t) is defined by an expansion of the form of (15):
where r 0 (t) ≥ 0 andÛ (t) = U [ψ,ψ † , t] is the unitary time-evolution operator that satisfies the Schrödinger equation (16). Note that onlyΨ n P ,n A from the expansion (15) contributes to (20). The current attributed to the i-th corpuscle (particle or antiparticle) in the wave function
where we have used abbreviations
Eq. (22) is the generalization of (6) for multiparticle wave functions. Therefore, the trajectory of the i-th corpuscle guided by the wave function ψ n P ,n A is given by the generalization of (7)
So far, we have not introduced any causal interpretation of the fermionic fieldsψ or η. Actually, these two quantities are not observables, so there is no need for a causal interpretation of them. However, we need a causal interpretation of the processes of creation and destruction of particles and antiparticles. For bosonic fields, this can be achieved by introducing a new causally evolving hidden variable -the effectivity of a particle [9] -determined by the causal evolution of bosonic fields. Unfortunately, one cannot introduce a similar causal theory for the Grassmann fields η and η † , essentially because the quantity Ψ * [η, η † , t]Ψ[η, η † , t] is Grassmann valued, so, unlike to the bosonic case, one cannot interpret this quantity as a probability density. Therefore, in this section we formulate another representation of fermionic states, more similar to that of bosonic states. We use this representation to postulate a causal interpretation of fermionic QFT and a causal interpretation of the processes of creation and destruction of particles and antiparticles, similar to that of bosonic fields. Note first that the notion of the scalar product can be generalized in such a way that it may be Grassmann valued [13] , which allows us to write Ψ[η, η † , t] = η, η † |Ψ(t) and
Next, for each fermionic state Ψ K [η, η † ] we introduce the corresponding bosonic state Ψ K [ϕ, ϕ † ], with ϕ(x) and ϕ † (x) being c-number 4-spinors. The bosonic states Ψ K are obtained in the same way as the corresponding fermionic states, by acting with the bosonic creation operatorsb † k and d † k (that satisfy the corresponding commutation relations) on the bosonic vacuum Ψ 0 [ϕ, ϕ † ]. (For details on the bosonic functional methods, see e.g. [5, 11, 13, 14] ). Note that the set of bosonic states {Ψ K [ϕ, ϕ † ]} does not contain states obtained by acting with the same creation operator on the vacuum more than once (e.g. (b † k ) 2 |0 ) because such states vanish identically in the fermionic case. Therefore, the set of states {Ψ K [ϕ, ϕ † ]} is a complete orthonormal basis for a subspace of the whole space of all well-behaved functionals Φ[ϕ, ϕ † ]. On this subspace, the unit operator can be represented as
We can also introduce the quantity 
By inserting the unit operator 1 = D 2 ϕ|ϕ, ϕ † ϕ, ϕ † | in (17), we see that the time-independent norm can be written as
Therefore, we interpret the quantity
as a positive definite probability density for spinors ϕ and ϕ † to have space dependence ϕ(x) and ϕ † (x), respectively, at time t. Consequently, at time t and point x, the average value of the spinor component ϕ a is
The time derivative of the average value can be written as
where
Now we introduce hidden variables ϕ(t, x) and ϕ † (t, x). We require that these variables should causally evolve such that the ensemble of these variables, at each time t, should have the probability distribution (31). Therefore, (33) implies that the evolution of the hidden variables must be given by
and analogously for ϕ * a (t, x), where it is understood that the right-hand side is calculated at ϕ(x) = ϕ(t, x), ϕ † (x) = ϕ † (t, x).
In analogy with ordinary bosonic fields [9] , we also introduce the effectivity e n P ,n A of the particles guided by the wave function ψ n P ,n A , given by e n P ,n A [ϕ, ϕ † , t] = |Ψ n P ,n A [ϕ, ϕ † , t]| 2
Since the physical meaning of the effectivity is discussed in detail in [9] for ordinary bosonic fields, here we only note the final results valid also for the bosonic representation of the fermionic states above. In an ideal experiment in which the number of particles is measured, differentΨ n P ,n A functionals do not overlap in the (ϕ, ϕ † ) space. Consequently, the fields ϕ and ϕ † necessarily enter one and only one of the "channels"Ψ n P ,n A . In this case, the effectivity (36) of the corresponding particles is equal to 1, while that of all other particles guided by other wave functions ψ n ′ P ,n ′ A is equal to 0. The effect is the same as if the wave functional Ψ "collapsed" into one of the states Ψ n P ,n A with a definite number of particles and antiparticles.
